Given a commutative square of finite free O-modules, we construct a double complex, that we have called the Gobelin 1 . The Gobelin is weaved with vertical and horizontal strands of the Buchsbaum-Eisenbud type, constructed each from half of the commutative square. We apply the Gobelin to compute the homological index of a germ of a holomorphic vector field on a complete intersection variety, having both an isolated singularity. The first spectral sequence of the Gobelin provides free resolutions of the modules of Kähler differential forms on the complete intersection, and for small degree the homology of the Gobelin coincides with the homology of the complex obtained by contracting differential forms on the complete intersection with the vector field. The second spectral sequence of the Gobelin provides formulas to compute the homology groups of the Gobelin with local linear algebra.
Introduction
Let (V, 0) be the germ of a complex analytic variety of pure dimension n with an isolated singularity at 0. Then one can consider the sheaves Ω j V of germs of differential j-forms on V , j = 0, . . . , n. Let X be a holomorphic vector field tangent to V with an isolated zero at the origin. Contraction by this vector field defines a complex
Since both (V, 0) and X have isolated singularities, this complex has finite dimensional homology groups. The third author introduced the notion of the homological index Ind Hom,V (X) of the vector field X at 0. It is defined as the Euler characteristic of this complex
He obtained an algebraic formula for the homological index in the case when V is a hypersurface [2] and he gave a procedure to compute the homology groups of the above complex based on a double complex which is constructed using Koszul complexes and mapping cones. In this paper we consider the more general case when V is a complete intersection. The tangency condition can be expressed by an anticommutative square of finite free O-modules. Given such a square we construct a double complex which we call the Gobelin. Here we use the BuchsbaumEisenbud strands of certain Koszul complexes. We apply this to give a procedure to compute the homological index of a vector field X with an isolated zero in the ambient space tangent to a germ of a complete intersection V with an isolated singularity with local linear algebra. In the case when V is a hypersurface we recover the formula of [2] . When the dimension or the codimension of (V, 0) is small we give explicit formulas for the homological index.
For a vector field X with an isolated zero on an isolated complete intersection singularity, also the GSV-index is defined [3, 8] . The homological index and the GSV-index differ only by a constant depending on the germ of the variety (V, 0) but not on the vector field X. In the case of a hypersurface V this constant is 0 [2] . It is an interesting question whether this constant is also zero in the general case. We show that both indices coincide for weighted homogeneous isolated complete intersection singularities.
Statements of the results
Let K be a field, O a local Noetherian K-algebra and consider a matrix identity over O    ϕ 11 · · · ϕ 1N . . . . . . . . .
Write this equation as ϕX = cf.
Let F , G and H be finite dimensional K-vector spaces of dimensions N , ℓ, and k respectively. Then the equation (2) gives rise to the anticommutative square
Let P ℓ−1 denote the projective space Proj(G) and O P ℓ−1 (1) the sheaf of hyperplane sections on P ℓ−1 . Let s 1 , . . . , s ℓ be a basis of its global sections, s :
We tensor the diagram (3) with the sheaf O P ℓ−1 and continue at the right bottom of the square with the tensor product of the natural morphism
with O to obtain the following anticommutative square of O-sheaves on P ℓ−1 :
Since going around the square gives a 1 × 1 matrix, we may transpose the upper part of the square and obtain the anticommutative square
.
The total complex associated to this square is the syzygy
Using this and the notation
we consider upward vertical Koszul complexes
whose arrows are given by contractions with (s · ϕ, −f t ) and rightward horizontal Koszul complexes
with arrows given by exterior products with X (s·c) t . These complexes we weave into a bi-infinite double complex of sheaves G on P ℓ−1 (see Fig. 1 for an example). Figure 1 : Part of the double complex G for N = 4, k = 2 and l = 2. The generating Koszul complexes of (6) are typed in a darker tone.
The double complex of O-modules G := {G i,j } obtained by taking global sections of this double complex and dualizing is the Gobelin, whose terms are
where D m G * := H 0 (P ℓ−1 , O P ℓ−1 (m)) * is the homogeneous component of the divided power algebra of K[x 1 , . . . , x ℓ ] of degree m, and the connecting maps are constructed using the matrices f and ϕ for the vertical strands and X and c for the horizontal ones (see Fig. 2 for an example). Let I j (ϕ) be the ideal in O generated by the j × j minors of ϕ and A m the m-th column of the Gobelin. Using homological algebra and the theory of Buchsbaum-Eisenbud complexes [1] we obtain
The lower left hand part of the Gobelin for N = 4, k = 2, l = 2 beginning at (0, 0).
Theorem 1. Let tot(G) be the total complex of the Gobelin G constructed from the identity (1) over the local K-algebra O, and
the complex induced by taking vertical homology. Then one has the following statements:
. . , f k is an O regular sequence, N ≥ ℓ and the depth of I ℓ (ϕ) = N − ℓ + 1, the greatest possible value, then
If in addition O is Cohen-Macaulay and
Over the ring B := O/(X 1 , . . . , X n ) the identity (1) reduces to cf = 0. Using the notation B := B ⊗ O P ℓ−1 and B(1) := B ⊗ O P ℓ−1 (1) it gives rise to a smaller syzygy
Weaving the two associated Koszul complexes, taking global sections and dualizing we obtain a smaller Gobelin, which we call G B . Using only homological algebra we obtain:
Note that the small Gobelin G B is much simpler than the big Gobelin G (see Fig. 3 ).
The lower left hand part of the Gobelin G B for N = 4, k = 2, l = 2 beginning at (0, 0).
We apply the Gobelin double complex to the following geometric situation. Let V be a germ of a complete intersection variety having an isolated singularity at 0 defined by the vanishing of the germs of holomorphic functions f 1 , . . . , f k in C n+k , n > 0, and X a germ of a holomorphic vector field having an isolated zero at 0 in C n+k and tangent to V . The tangency condition gives rise to a relation of the form (1), where   
is the Jacobi matrix of the map f :
) the invariant of Greuel [6] we use our Gobelin complexes to prove 
is the small Gobelin constructed from the tangency relation between V and X and γ n−1 is the (n − 1)-st map of tot(G B ).
Note that dim B depends only on the vector field, the ranks in small Gobelin depend only on k and τ ′ depends only on V . For codimension two complete intersections we obtain for example
with explicit maps ψ i and φ i .
One might observe that for the construction of the Gobelin one could also start from the square (4) instead of the transposed square (5). We would like to remark that this simpler construction does not lead to the results of this paper.
The Gobelin Double Complex
We use the definitions and notations of Section 1. All tensor products are over K, unless otherwise specified. A complex has length r if it contains r + 1 non-zero elements. A complex is a resolution if its first non zero term is in degree 0 and it has zero homology in positive degrees.
Let G be the double complex constructed from the anticommutative square (5) in Section 1. The anticommutativity of this double complex follows from the anticommutativity of exterior product and contraction in the exterior algebra and the fact that the total complex (6) of this square is a complex. Taking global sections and dualizing we obtain the Gobelin G. Lemma 1. Let G be the Gobelin constructed from the identity (1) over the local K-algebra O. We have:
1. The Gobelin is a double complex of finite free O-modules and G i,j is non-zero only for j ≥ 0, i = max{0, j − k}, . . . , N + j.
The 0 th row of the Gobelin is the complex
with maps being contractions with X, i.e. the tensor product of Λ k H with the Koszul complex
Proof.
1. Since the Gobelin is obtained as the vector space of global sections of the double complex of sheaves G and then taking duals, the anticommutativity follows from the anticommutativity of G. Furthermore the summands of
are nonzero if and only if 0 ≤ −k + j + r and 0 ≤ r ≤ k and 0 ≤ s ≤ N .
2. This follows from substituting j = 0 in the formula for G i,j .
The Vertical Complexes A m of the Gobelin
Denote by A m the complex obtained from the m th column of the Gobelin. The complexes A m are the tensor product of two complexes, arising from the direct sum decomposition of the middle module in the syzygy (6) . One is the part of the Buchsbaum-Eisenbud strand of the Koszul complex associated to the map ϕ :
above the splicing map and the other is the Koszul complex associated to the sequence f 1 , . . . , f k . In this subsection we apply the Buchsbaum-Eisenbud and Koszul Theorems to describe the homologies of the vertical complexes in the Gobelin. Denote by K f the Koszul complex obtained from the morphism −f t : H * ⊗ O −→ O:
with morphisms contractions with −f t = (−f 1 , . . . , −f k ). It's 0-homology group is
with morphisms contractions with −f t = (−f 1 , . . . , −f k ). It's 0-homology group is again
Next we consider the Koszul complex K s·ϕ of O-sheaves obtained from the morphism
on P ℓ−1 and tensor it with O(m − 1):
As in [1, A2.6.1, p. 591] we denote by K m s·ϕ the complex of its global sections
, and by (K m s·ϕ ) * the dual complex of free O-modules
Note that for m ≤ N the first nonzero term of (K m s·ϕ ) * is D 0 G * ⊗ Λ m F * ⊗ O. In this case the complexes K m s·ϕ and (K m s·ϕ ) * have length m. For m ≥ N the complex (K m s·ϕ ) * has length N .
Lemma 2.
For m ≥ 0 we have
Proof.
1. Over P ℓ−1 , the m-th column K (s·ϕ,−f t ) ⊗ O(m − 1) of the double-complex G is a tensor product of two Koszul complexes, [K s·ϕ ⊗ O(m − 1)] ⊗ O K f , due to the direct sum decomposition of V in (7). Since the second complex is independent of the variables of P ℓ−1 , the tensor product can be taken over O. Taking global sections and then dualizing we obtain A m = (K m s·ϕ ) * ⊗ O K * f as complexes.
2. The homology of A m = (K m s·ϕ ) * ⊗ K * f can be computed from the double complex where we put in the horizontal axis the complex (K m s·ϕ ) * and on the vertical the complex K * f . If we compute the spectral sequence where we do first the vertical homology, we obtain by Koszul's Theorem that the only homology group is at j = 0, where the homology complex is (K m s·ϕ ) * ⊗ O V . Since the spectral sequence degenerates, we obtain that the homology of this complex computes the homology of the double complex. This proves the first statement. Now the second statement is immediate from this, since the complex (K m s·ϕ ) * ⊗O V has length min{N, m} which is shorter than the complex (K m s·ϕ ) * ⊗ K * f , so the last homology groups of the larger complex (
Lemma 3. Assume that n := N − ℓ ≥ 0 and that the depth of I ℓ (ϕ) = n + 1, the greatest possible value, then we have: The Buchsbaum-Eisenbud Theorem [1, Theorem A2.10, p.594] applied to ϕ asserts that under our hypothesis the complex C n−m is a free resolution of H 0 (C n−m ), for m ≤ n + 1.
If O is a local
If we cut the complex C n−m at the splicing map, we obtain that for m = 0, . . . , n + 1 the complex (K m s·ϕ ) * is a free resolution of its 0-homology module.
2. For m = 0, . . . , n + 1 consider the double complex C n−m ⊗ K * f with horizontal axis i = 0, . . . , n + 1 and vertical axis j = 0, . . . , k. Consider the spectral sequence where we first do vertical homology. By Koszul's Theorem we only have non-zero terms for j = 0, where the homology is C n−m ⊗ O V .
Hence the spectral sequence degenerates, the total complex C n−m ⊗ K * f is quasi-isomorphic to C n−m ⊗ O V and the only non-zero homology groups of the total complex are in j = 0, . . . , n + 1. Now we do the other spectral sequence, doing first the horizontal homology. Again by the Buchsbaum-Eisenbud Theorem we obtain that the only non-vanishing terms are in i = 0 where we obtain the homology complex H 0 (C n−m ) ⊗ K * f . So again the spectral sequence degenerates and C n−m ⊗ K * f is quasi-isomorphic to H 0 (C n−m ) ⊗ K * f . Both spectral sequences together give H j (C n−m ⊗ K * f ) = 0 for j > min{k, n + 1}. If we cut the complex C n−m at the splicing map ε, the right hand side is (K m s·ϕ ) * . The double complexes C n−m ⊗K * f and A m = (K m s·ϕ ) * ⊗K * f coincide on the columns to the right of the splicing map. Doing for both spectral sequences the horizontal homology first, both spectral sequences degenerate and the homologies of C n−m ⊗ O V and (K m s·ϕ ) * ⊗ O V are isomorphic to the homologies of the corresponding double complexes. Now, both of these complexes coincide to the right of the splicing map, so that if to the right of the splicing map the first complex has 0-homology, so will the second one. Hence for n − m ≥ k we have that A m is a resolution of H 0 (A m ).
For m = n − k + 1, . . . , n + 1 we still have H j (A m ) = 0 for j > m − n + k. 
Repeating the argument at the end of Part 2 of this lemma, we obtain that A m is a resolution for n − m > k − r and that for m = n − k + r + 1, . . . , n + 1 we have H j (A m ) = 0 for j > m − n + k − r.
Proof of Theorem 1:
We look at the spectral sequence, where we do vertical homology first. By Lemma 3 the vertical strands A m have nonzero homology only in step 0 for m ≤ N − ℓ − k and for m ≤ N − ℓ − k + r using the stronger hypotheses. Since this spectral sequence converges to the homology of the total Gobelin tot(G), this proves the claim.
The Horizontal Complexes B m of the Gobelin
Denote by B m the complex obtained from the m th row of the Gobelin. The complexes B m are the tensor product of two complexes, arising from the direct sum decomposition of the middle module in the syzygy (6) . One is the part of the Buchsbaum-Eisenbud strand of the Koszul complex associated to the map c :
above the splicing map and the other is the Koszul complex associated to the sequence X 1 , . . . , X N . In this subsection we apply the Buchsbaum-Eisenbud and Koszul Theorems to describe the homologies of the horizontal complexes in the Gobelin. Denote by K X the Koszul complex obtained from the morphism X : O −→ F ⊗ O and by K * X its dual:
whose morphisms are contractions with X t = (X 1 , . . . , X N ). Its 0-homology group is
We denote the complex of its global sections
For m ≥ k these complexes have length k.
Lemma 4.
For all m ≥ 0 we have
Proof. Same proof as for Lemma 2.
The Smaller Gobelin
Over the ring B := O/(X 1 , . . . , X n ) the identity ( 
The Gobelin of a Complete Intersection with an Isolated Singularity
In this section we will use the Gobelin construction to calculate the homological index Ind Hom,V (X) of a holomorphic vector field X with an isolated zero tangent to an isolated complete intersection singularity (V, 0) ⊂ (C N , 0).
be an n-dimensional isolated complete intersection singularity, X the germ of a vector field on C N tangent to V with an isolated singularity at 0, and
the complex obtained by contraction with X on V . Let T Ω V the subcomplex of torsion sheaves of Ω V . Then we have
Proof. We denote the quotient complex of torsion free sheaves of Ω V by Ω V . By [5] we have that T Ω i V = 0 for i < n. Therefore the exact sequence of complexes
looks as follows:
The last map of Ω V is injective since X and V have an isolated singularity at 0. The long exact homology sequence gives
The dimension of T Ω n V is a numerical invariant of V :
where ϕ is the Jacobi matrix of f .
Proof. [5, 6] Proof of Theorem 3:
1. Consider the tangency relation X(f ) = c · f where c is the k × k matrix of cofactors. If we denote by ϕ the Jacobi matrix describing the differential df of f : C N → C k we obtain the matrix equality ϕ · X = c · f . Let G be the Gobelin constructed from this equality and G B the smaller Gobelin over B = O/(X 1 , . . . , X N ). Note that in this situation F ⊗ O = Ω 1 C N and H = G are vector spaces of the same dimension k. By Lemma 2 the vertical strand A m in the Gobelin G is quasi-isomorphic to the complex (K m s·ϕ ) * ⊗ O V which is for m = 0, . . . , N
in this situation. We obtain
and an equality of complexes Ω V = H 0 (A) ≤n since both are given by contraction with X. Now I k (ϕ) describes the critical locus C f of f . Since V has an isolated singularity the image of C f is a hypersurface in C k . The critical locus C f has therefore codimension N − k + 1 in C N and depth I k (ϕ) = N − k + 1 has the maximal possible value.
Since V has an isolated singularity, the codimension of the singular locus in the critical locus is k − 1. After a holomorphic base change we can therefore assume that f 1 , . . . , f k−2 is a regular sequence in O/I k (φ). Since X has an isolated singularity in C N its components X 1 , . . . , X N also form a regular O sequence. Finally the ring O of holomorphic function germs in C N is Cohen-Macaulay, and we can apply Theorem 1 to obtain that
2. Cut the total complex of the small Gobelin at the (n − 1)-st map to obtain a shorter complex tot(G B ) ≤n−1 . We have on the one hand
and on the other hand
and all terms of tot(G B ) are free finite B modules, we obtain the desired formula by Lemma 5 and Proposition 1. From Theorem 3 we obtain Ind Hom,V (X) = i(dim B) − coker ψ i + τ ′ for n = 2i even (1 − i)(dim B) + coker φ i − τ ′ for n = 2i − 1 odd. The calculations for this example were done using the computer algebra system Macaulay2 [4] .
Complete Intersection Curves and Surfaces

